ABSTRACT A novel signal processing approach is proposed for sensor arrays to reconstruct spinning modal noise source from scattered sound wave measurements outside the jet flow downstream of an unflanged duct. The approach relies on the forward propagation model based on the Wiener-Hopf method and the key contribution is the development of the inverse acoustic scattering approach for a sensor array by combining compressive sensing and beamforming strategies in a non-classical way. In particular, the beamforming and compressive sensing methods are considered to improve the performance of the inverse reconstruction, especially in terms of array imagining resolutions and the number of sensors. Finally, numerical examples are prepared to demonstrate the performance of the proposed approach and the results show that the classicalbeamforming-based method is more robust for numerical noise while the compressive-sensing-based method is more efficient. Overall, the proposed testing approach should be able to extensively expand the current acoustic array testing capability and will be especially useful for aerospace engineering applications, such as the design and evaluation of low-noise aircraft engines.
I. INTRODUCTION
The public concern regarding the adverse health and environmental effects of aircraft engine noise emission has led to stringent regulations faced by the civil aviation industry in obtaining aircraft certification and in airport operation and expansion [1] - [4] . To address this issue, low-noise aircraft engine design has been the subject of intensive study during past decades and various advanced testing methods, which, more often than not, are initially developed in information technology and have found important applications in aerospace engineering too. In this work, we will propose a new array testing method for the reconstruction of fan noise source from aircraft engines.
Fan noise is one of the most dominant noise sources for current civil aircraft (see Fig. 1(a) and Fig. 1(b) ). The fan noise field has spacial distributions (see Fig. 1 (c) and Fig. 1(d) ) that are called as azimuthal and radial spinning modes (in the azimuthal and radial directions, respectively). Theoretically speaking, the spinning modes are the boundary values of a convective wave equation, which itself is observable [5] , i.e. the information of the whole system dynamics can be inferred from system measurements on a subregion of the domain during a given time interval. Hence, a good understanding of acoustic source parameters, particularly the inverse identification of these spinning modes, is a prerequisite for advanced engine design [6] . For example, the comparison between Fig. 1(c) and Fig. 1(d) shows that small defects inside boundary may extensively influence the associated sound fields. Then, given the knowledge of sound source, it is possible to detect any imperfection in real time by monitoring the rapid changes of the associated system modelling residue.
A number of measurement methods using sensor arrays have been proposed in the recent works [7] - [10] and several inverse source reconstruction methods have been proposed for isolated sources in a free space [11] , [12] . However, these methods usually assume free-space radiations and are thus ineffective for practical turbofan engine noise, whose dominant sources arise from fan assemblies that are FIGURE 1. (a) An example of sound pressure field from a practical aircraft engine outlet [39] . (b) An example sound pressure field from a duct of simplified geometries [25] . (c) A spinning modal sound field inside a duct with no defect. (d) With defects [23] .
enclosed in the confine of the nacelle duct [1] , resulting in modes spinning inside the duct, and reflection and scattering from the duct open ends and by the downstream shear flow [13] . Our past work [10] has studied spinning duct acoustic modes with a compressive-sensing-based approach, but the forward model adopted therein lacks reflection and scattering from open ends and, therefore, represents an idealized and simple set-up. Therefore, the inverse reconstruction requires a suitable transfer function (i.e. the Green's function) to relate the strength of fan noise sources and the scattered sound pressure field. A way to apply the classical free-space Green's function to this problem directly is to adopt a rotating sensor array and compensate for the motion of rotating fan noise source [14] . However, this requires a complicated and expensive mechatronic design for the rotating sensor array. Alternatively, the Green's function specifically for duct acoustic systems can be developed directly either through a computational approach [15] or an analytical approach [16] . Only after deciding on the Green's function to use, it becomes possible to reconstruct the source by using a suitable inverse source reconstruction method. In this work, we are devoted to develop a beamforming approach and to further improve its performance by studying either deconvolution [17] , [18] or compressive sensing methods [19] , [20] . Figure 2 (a) shows a conventional experimental set-up, where sensors are installed on a semisphere-shaped structure (the so-called turbulence control screen). We wish to mention that the current work is primarily focused on the demonstration of the new testing method and, therefore, adopts a relatively simple geometry with an unflanged straight duct. The reference [21] considers a more complicated geometrical set-up for radial compressor stages. It is easy to see that the jet flow from the aircraft will impinge some sensors and negatively influence the final measurements and, therefore, it is desirable to have an array outside the jet flow to minimize the possible interference. Nevertheless, such an array can only measure sound fields scattered from the jet flow and requires an inverse method to infer the initial fan noise incident in the jet flow. To address this issue, here we propose a new testing method with the deployment of linear sensor arrays outside the aircraft engine (see Fig. 2(b) ) and further consider compressive sensing and deconvolution to minimize the number of pressure sensors required and to improve the resolution. In particular, we consider fan noise of spinning modes propagating in a homogeneous isotropic fluid medium and scattering from the duct open ends and downstream shear flows. The scattered wave depends on incident wave properties and the shear flow inhomogeneities. We assume that sensors are located outside jet flows to reduce background flow interference such that can only measure scattered sound waves. Hence, the resultant experimental set-up and the associated testing method are completely different from those induct testing methods in our previous works [10] , [20] . The question to answer is how to inversely reconstruct incident sound source strength from the scattered sound field measurements. In this work, we first develop the corresponding transfer function based on the analytical Wiener-Hopf method [13] , [22] - [24] , which is able to give the forward relation (transfer function) between the fan noise source and the scattered sound pressure field, particularly for representative configurations with a straight unflanged duct and a plug shear flow model [25] . Here we focus on the theoretical development of the inverse scattering method to infer the spinning mode source strength of fan noise by incorporating beamforming [18] and compressive sensing [19] , [20] methods.
Various compressive-sensing-based beamforming methods have been proposed previously [26] , [27] for different array applications. For most previous applications, the associated forward model is usually a simple point source propagating in free space. The aeroengine topic of the current work, however, requires a much more complicated forward model, which includes rotating sound wave modes and scattering and radiation from the open end of a cylindrical duct. Physically, the new compressive-sensing-based approach can be applied since the number of modes is usually sparse at certain incident frequencies of interest. With little loss of generality, we restrict our attention to a simplified duct acoustic set-up with a sheared background flow and assume time harmonic dependence. The incident sound pressure field at the source location is always modal [13] , [23] , [25] and can be described by where m is the azimuthal mode number and n is the radial mode number, (x, r, θ) are the cylindrical coordinates, J m is the mth-order Bessel function of the first kind, α mn is the radial wave number and k x is the axial wavenumber, and ω is the harmonic frequency. Generally, (1) is also valid (to some extent) for practical aircraft engine set-ups, especially for fan assemblies, which usually have an axisymmetric circular cross-section with a straight duct section. The current proposed inverse scattering method is able to estimate the modal amplitude A mn of incident sound waves by measuring the scattered sound pressure field (for intensityonly measurements [28] , the current approach should be applicable after some slight modifications). The forward program is modelled and solved by the Wiener-Hopf method, which also enables us to infer the source by using an inverse method similar to classical acoustic imaging. In conventional acoustic imaging with a sensor array, free-space propagation is usually assumed and the steering vector is readily available as a free-space Green's function. However, such a simple relation is not valid for duct acoustics. One of the most essential contributions of this work is the development of scattering inverse strategies based on the steering vectors specifically for duct acoustics. The current proposed method can contribute to the design of low-noise aircraft engine and overall aircraft noise research. Moreover, the proposed method may also be used for structural health monitoring of aircraft engine since new noise modes may arise due to the appearance of structural defects (compare Fig. 1(c) and Fig. 1(d) ) [23] and therefore constitutes the main contribution of this work. In contrast, the relatively inaccurate and time-consuming visual inspection is still widely adopted in aviation industry during the routine maintenance.
The remaining part of this paper is organized as follows. Section II shows the problem set-up and explains the forward model. The inversion approaches based on beamforming and compressive sensing are discussed in Sec. III. Some simulation results are presented and discussed in Sec. IV before the concluding remarks are given in Sec. V.
II. THE DIRECT SCATTERING PROBLEM
An inverse method requires a forward model. For the current problem, the forward problem is the direct scattering from an aircraft engine and the corresponding set-up is shown in Fig. 3 . The whole direct scattering problem is described below especially for those readers who are not familiar with duct acoustics.
The incident acoustic wave from the fan assembly propagates inside the duct before being scattered at the duct open end and radiate to the far-field. The corresponding normalized governing equations are the non-dimensional Helmholtz equation, as (2) and (3), as shown at the bottom of this page.
Here φ is acoustic potential, M 0 = v 0 /c 0 and M 1 = v 1 /c 0 are the Mach numbers of the ambient flow and the jet flow, respectively, with c 0 the speed of sound. The acoustic pressure p and velocity v are given by
By using the harmonic frequency assumption, we can decompose the total acoustic potential into the incident and the scattered sound fields as follows,
where the incident field (originates from the fan assembly) is assumed to be known and takes the following
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form:
iωµ mn x r < 1.
This relation is the classical solution of a cylindrical duct acoustic equation and can be obtained by separation of variables [23] . The radial wavenumber α mn satisfies the solid wall boundary condition, dJ m (α mn r)/dr = 0 when r = 1. The corresponding upstream-and downstream-directed axial wavenumber satisfies [23] :
In this work, we only consider the cases with a downstreamdirected incident wave and set µ mn = µ + mn . For convenience, the harmonic term exp(−iωt) is omitted in the subsequent derivations.
It is easy to see that the Green's function for a free-field radiation is too primitive and idealized to correctly predict the high-frequency fan noise scattering from a duct open end. To address this issue, here we adopt the Wiener-Hopf method to develop the associated forward scattering model. The Wiener-Hopf method [13] can produce analytical solutions for idealized duct acoustic problems with representative semi-infinite straight duct walls. Mathematically, this Wiener-Hopf method is a rigorous solver for wave equations with semi-infinite boundary conditions, and is radically different from the well-known Wiener-Hopf factorization in electronics and control. For brevity, the resulting model is briefly given below and more details can be found in the past work [13] .
First, define the Fourier transform of the scattered sound field as
which can be further decomposed into the sum of all spinning modes, i.e. β(µ, r, θ) = (m,n) β mn (µ, r, θ). Here µ is the normalized axial wavenumber (with respect to ω). For each spinning mode input, the Wiener-Hopf method produces the following analytical solution, (10) , as shown at the bottom of this page. Here H (1) m is the mth-order Hankel function of the first kind, (·) denotes d/dr, and K ± (µ) is defined by the following Cauchy type integral [24, Th. C, p. 24]
where K is the so-called Wiener-Hopf kernel and the integral path is slightly distorted to avoid passing through poles and zeros of the Wiener-Hopf kernel. For the current set-up, K takes the form
Theoretically, the above (10) analytically gives the forward relation between source strength A mn and measurements β mn (which represent the spatial Fourier transformed outcome of array measurements). The related derivation is already well-known for the WienerHopf method based research area [13] , [22] , [23] , [30] . The implementation details can be found in references [22] - [24] .
III. THE INVERSE SCATTERING APPROACH
As shown in Fig. 2(b) , the linear sensor array outside the engine duct (referred to as the outer sensor array herein) will produce a discrete approximation of the Fourier transform of the scattered sound field β(µ, r 0 , θ 0 ) at the spatial position (r 0 , θ 0 ), where the axial wavenumber µ depends on the spatial positions of the sensors, and r 0 and θ 0 are the radial and azimuthal coordinates the sensors. For brevity, (r 0 , θ 0 ) will be omitted below when no confusion will arise. Next, we should emphasize that β(µ) is actually a vector and should be represented by
where N is the number of array sensors. Furthermore, β is given by
where
with N s the number of possible sampling mode combinations (m, n), and the transfer function matrix G is
Therefore, the spinning mode amplitude can be inferred by inverse acoustic scattering [31] ,
provided that the matrix G is non-singular. Here G −1 is the Moore-Penrose pseudo-inverse of G if it is not a square
matrix. However, (10) suggests that the forward scattering is complicated, hence it is difficult, if not possible, to ensure the uniqueness and stability of the corresponding inverse problem [28] . Physically, the inverse problem will be ill-posed when the number of sensors is much smaller than the number of possible spinning modes emitted from a practical aircraft engine system. Hence, it is a common practice to address this issue of the inverse problem by using some variant of Tikhonov regularization [11] , which, however, requires a suitably-chosen empirical regularization parameter [12] . Our previous work [18] has suggested that aeroacoustic measurements inside a wind tunnel usually have an undesirable and varying signal-to-noise ratio at a range of flow speeds which always leads to a conservative regularization parameter with moderate performance. Here we present a different approach to solve this ill-posed problem by adopting essential concepts in sensor array beamforming. First, the inverse target, i.e. the corresponding source amplitude of the (m-n) combinations, is regarded as an imaging source plane and β(µ, r 0 , θ 0 ) are sensor array measurements. Then, the steering vector between each source point at (m, n) and sensor locations is already known, i.e., 10). Given the duct acoustic and sensor array set-ups, an aircraft engine system usually satisfies the fact that the number of cut-on spinning modes should be finite (or even sparse) and the discrete distribution of µ (e.g.
where N is the number of array sensors) is already known. The corresponding steering vector for the source, (m, n), becomes
, where the (r 0 , θ 0 ) inside each G is omitted for brevity. As a common practice, we further normalize each steering vector and define the following weight:
Next, we perform the conventional beamforming to approximate the source amplitude at (m, n) bŷ
where the superscript H denotes the conjugate transpose operation. The above conventional beamforming approach infers one source amplitude each time. As a result, the number of source amplitude each time is one, and must be smaller than the number of sensors. Hence, the beamforming-based inverse is well-posed. By repeating (16) for all (m, n) combinations, the source amplitude can be reconstructed in a way similar to those in classical array beamforming. We wish to mention that a classical beamforming method usually scans the geometrical coordinates and produce the corresponding images in the spatial domain. In contrast, this new approach reconstructs source amplitudes in the spinning mode domain. The inherent concept is very different from the classical beamforming and, therefore, the associated development and the follow-up demonstrations should be regarded as the main contribution of this work.
On the other hand, this approach still adopts the same inverse formulation, (16) , as the conventional beamforming method. Therefore, it should be natural to expect that the proposed new testing approach will also suffer from the low resolution of the classical beamforming methods, leading to compromised dynamic ranges. Furthermore, the success of the new approach requires a suitable number of discrete µ d to approximate µ, which requires an array with a large number of sensors. In this work, we manage to address these two issues by trying either a deconvolution-based beamforming approach [17] , [32] or compressive sensing [19] , [33] , [34] .
A. DECONVOLUTION APPROACH TO IMPROVE RESOLUTION
It is well known that conventional beamforming has a robust performance but suffers from low resolutions. To improve the resolution, adaptive beamforming, or the so-called Capon beamforming, has become the de facto method in array signal processing. However, our previous work [18] has suggested that the performance of an adaptive beamforming method will deteriorate to the same level as conventional beamforming due to the large background interference encountered during practical tests. Theoretically, conventional beamforming scans the whole source plane that convolutes the sensor array response (the so-called point spread function) to each source point. Given an array design, the corresponding array response is already known. The array layout can be optimized (through the study of possible coprime array layouts) to achieve a satisfied point spread function [35] . Nevertheless, the capability is limited for such an optimization owing to the fact that all sensors should be located outside the jet flow. Hence, a deconvolution operation can be adopted to further reduce the negative influence due to the convolution. Here we adopt a well-known deconvolution approach called ''deconvolution approach for the mapping of acoustic sources''(DAMAS) [17] for the mapping of sources. For the completeness of this paper, the procedure is briefly given below and more details can be found in reference [17] . The DAMAS approach also solves an inverse problem, Z = AS, where Z ∈ C N ×1 are the N estimates of each (m, n) combination by using (16) 
represents the true sound source amplitude at each (m, n) combination and A ∈ C N ×N consists of the normalized weights (see (15) ). Then, we can conduct Gauss-Seidel iterations to estimate S from the conventional beamforming result Z. Specifically, S is the source strength and should be physically greater than zero. Hence, we set a component of S to zero when it becomes less than zero during the iterative process. This manipulation can help to speed up the deconvolution operations extensively. The references [17] , [18] give more details of the implementation of this deconvolution algorithm and the relevant explanation is omitted here for brevity.
B. COMPRESSIVE SENSING
To apply the proposed beamforming approach, one can start from Eq. (16), where the Fourier transformed β, i.e., Eq. (9), VOLUME 6, 2018 can be obtained from sound pressure samples measured by a number of equidistantly-spaced sensors (see Fig. 2(a) ). To further reduce the required number of sensors, here we propose a compressive-sensing-based approach, which is physically feasible because the spinning modes are usually sparse (with sparsity s) at a certain frequency. Therefore, we are able to decompose a broadband signal to narrowband components, each of which is subjected to the compressive sensing process. First, consider the inverse Fourier transform
Substituting (10) into (17), we have
where g mn is obtained by performing inverse Fourier transform for G mn . The succinct matrix form is p d = gA, where p d ∈ C K ×1 denotes the discrete samples from all equidistantly-spaced sensors (see Fig. 2(a) ), A ∈ C N ×1 denotes the amplitudes of all N possible cut-on spinning modes at the frequency of interest, and g ∈ C K ×N . The required number of sensors depends on the axial wavenumber of interest. According to the classical Nyquist-Shannon sampling theorem, the greater the wavenumber, the larger the required number of sensors. If the spinning modes are sparse at the frequency of interest, we can reduce the required number of sensors and inversely reconstruct the corresponding amplitudes by the following l 1 -minimization [36] , minimize Â 1 , subject to ||Bp d − BgÂ|| 2 = 0, (19) where the random sampling matrix B ∈ I K 1 ×K , and K 1 sensors are randomly selected from the original K equidistantly-spaced sensors. For example, if we have K = 5 equidistantly-spaced sensors, and randomly select the first and fourth sensors out of these five sensors for compressive sensing, the resultant matrix B is given by
The l 1 optimization in (19) can be efficiently solved by using well-known algorithms such as the basis pursuit method [37] and orthogonal matching pursuit [38] . Our simulations show that 1.5 s log(N /s) sensors should generally be sufficient rather than N sensors suggested by Nyquist-Shannon sampling theory, where s is the sparsity of the spinning modes at the frequency of interest. This performance is lower than that theoretically-allowed by compressive sensing since the selection of sensors among the fixed equidistantly-spaced locations is not a completely random process (see Fig. 4 ). We also wish to emphasize that the previous work [10] only considered in-duct arrays, whereas the current work considers out-duct arrays with scattering from open-ends and shear flows. Hence, the associated acoustic model for the current work is much more complicated than that in the previous work [10] . The following work in the next section shows that the compressive sensing approach is still effective for the current out-duct array set-up.
IV. RESULTS AND DISCUSSION
In this section, the numerical simulation results for a couple of representative turbomachinery configurations are presented to validate and demonstrate the proposed approach. To increase the confidence of the demonstrations, different computational models are adopted to prepare the simulation and the inverse reconstruction. First, the forward problem is solved by a linearized Euler model with a slipwall boundary condition at r = 0.1 and x < 0 for the hard wall. The ambient flow Mach number M 0 is 0.1 and the jet flow Mach number M 1 is 0.3. The sound field is calculated using our in-house acoustic code [39] that employs fourthorder low-dispersion and low-dissipation computational FIGURE 5. The beamformed result by using a single linear array at r 0 = 0.2, θ 0 = 0 (see Fig. 2(a) ), where (m, n) = (4, 2) for the incident noise source.
methods [40] - [42] . A tenth-order filter is used throughout the computational grids to remove spurious numerical waves develop during the computation [40] . The resolution of the computational mesh ensures at least 10 points-perwavelength [42] . With no loss of generality, we consider an incident sound wave with a normalized tonal angular frequency ω, and a linear superposition of multiple circumferential mode m = 1, · · · , 10 and n = 1, · · · , 5 from upstream (the left side of each plot in Fig. 4) . The buffer zone technology [43] is adopted at the upstream and downstream boundaries. The target solution of the outlet buffer zone is set to zero to simulate free-field conditions, and the target solution of the inlet buffer zone is set to (1) to admit the incident spinning modal sound wave. More details of the computational set-up can be found in reference [39] .
The algorithms of the beamforming-based and compressivesensing-based approaches are summarized as follows. It can be seen that the beamforming-based approach is quite straightforward, while the compressive-sensing-based approach is quite succinct. The corresponding performance will be further compared in the following case studies.
With no loss of generality, a tonal case with incident noise at the normalized angular frequency ω = 3 is considered here. First, we assume the incident noise source has a single spinning mode, (m, n) = (4, 2), and use a single linear array with 16 equidistantly-spaced sensors (between x ∈ [0, 0.3]) at r 0 = 0.2, θ 0 = 0. Figure 5 shows the beamforming result, where the dominant one is the correct answer at (m, n) = (4, 2). However, the amplitudes for many other spinning modes are incorrectly-predicted and are close to the amplitude at (m, n) = (4, 2) due to the compromised point spread function. This low resolution and poor dynamic range can be improved by using two additional arrays at θ 0 = (π/6, π/3), which results in an enlarged overall array aperture. As a result, Fig. 6 shows that the new array with three linear sub-arrays (and in total 36 sound pressure sensors) can successfully reconstruct the source strength for either single Algorithm 1 Beamforming Based Reconstruction 1. Given the array design, define r 0 and θ 0 2. Collect samples from each sensor 3. Perform discrete Fourier transform for (9) to obtain β in the wavenumber domain 4. Set the spinning mode combinations m ∈ (m min , m max ), n ∈ (n min , n max ) 5. Set the broadband frequency range (ω min , ω max ) while ω min < ω < ω max do while m min < m < m max & n min < n < n max do Calculate G mn in (10) Beamforming using (16) end while Deconvolution end while Algorithm 2 Compressive Sensing Based Reconstruction 1. Randomly select sensors and prepare g mn using (18) while ω min < ω < ω max do l 1 -minimization using (19) end while spinning mode (as shown in Fig. 6(b) ) or multiple spinning modes (as shown in Fig. 6(c) ). The dynamic range between the correct modes and the spurious modes is at least 15 dB. In addition, the difference between the reconstructed source strength and the incident source strength is less than 2 dB.
To further reduce the required number of sensors, we consider the compressive-sensing-based approach. As shown in Fig. 7 , this approach is very effective as long as the incident spinning modes are sparse. Only five randomlylocated sensors are used for the single spinning mode case (see Fig. 7(a) ), while the case with an incident wave which consists of three spinning modes employs 10 randomlylocated sensors (see Fig. 7(b) ). Although the number of sensors used is much smaller than that suggested by NyquistShannon sampling theorem, the inverse scattering performance is very satisfactory. The reconstruction error is less than 1 dB and the dynamic range is more than 50 dB. Therefore, the compressive-sensing-based approach has a better performance in both criteria than the classical-beamformingbased approach. Moreover, tests are conducted by varying sensor locations by up to 1% × r (where r is the duct radius), and the results suggest that the performances of both approaches are not sensitive to such variations of sensor locations. We have also considered other possible configurations with different levels of background interference (i.e. with different signal-to-noise ratios). Overall, the performance of the two approaches is robust to varying internal sensor positions and external levels of background interference. The compressive-sensing-based approach is usually superior to the beamforming approach in terms of the required number of sensors and the reconstruction accuracy, provided that the spinning modes of fan noise source is sparse at the FIGURE 6. The beamforming result by using three linear arrays at θ 0 = (0, π/6, π/3) (see Fig. 2(a) ), where (a) (m, n) = (4, 2) and (b) (m, n) = (1, 3), (3, 1) , (5, 2) for the incident noise source. Other set-ups are the same as those in Fig. 5 . The difference between the reconstructed source strength and the incident source strength is less than 2 dB. frequency of interest. However, when the number of sensors N remains but the sparsity number s increases (i.e. spinning modes become less sparse), the performance of the compressive-sensing-based approach deteriorates rapidly. We wish to mention that, given a sparsity number, the previous work has suggested the required samples [34, eq. (6) ]. In contrast, the beamforming approach can always achieve a stable performance level as long as the number of sensors satisfies Nyquist-Shannon sampling theorem. Some preliminary experimental demonstrations can be found in our recent work [10] and the related details are omitted here.
Briefly, the classical-beamforming-based approach is robust and generic in terms of background noise and interference rejection, while the compressive-sensing-based approach is only applicable to a sparse (in terms of the circumferential and azimual modes) signal. The proposed classical-beamforming-based approach will be more useful for generic noise testing facility that usually has hundreds of sensors. In contrast, the compressive-sensing-based approach requires a small amount of sensors and thus should be especially useful during online mornitoring.
V. CONCLUSIONS
The key achievement of this work is the development of a novel array testing approach to reconstruct spinning modal type fan noise strength from scattered sound field measurements. The proposed approach relies on the forward propagation model from the Wiener-Hopf method, which assumes a representative set-up with a semi-infinite unflanged duct and plug flow. Previous studies have shown that this idealized set-up can usually approximates a practical aircraft engine set-up with slender duct walls. Once the forward model for each spinning modal wave is obtained, the incident fan noise imaging problem can be reduced to the reconstruction of the corresponding source strength in the spinning mode domain, by using beamforming in a non-classical way, since the forward propagation model is developed in the axial wavenumber space. To further improve the resolution of dynamic range of the inverse solution, we have incorporated the deconvolution and compressive sensing methods into the conventional beamforming methods.
We have illustrated the performance of the proposed strategies with various numerical examples. Some important observations are summarized here. The former beamforming method is effective and generic, does not require prior information about the fan noise and guarantee to produce correct inversion as long as the number of sensor samples satisfying the Nyquist-Shannon sampling theorem. In contrast, the compressive sensing based method requires a much smaller number of sensors than the number required by the Nyquist-Shannon sampling theorem, as long as the noise source is sparse in terms of the number of cut-on spinning modes, which is usually the case at each certain frequency of interest.
The reconstruction results from both methods (beamforming and compressive sensing) are comparable in terms of accuracy and dynamic range. At the algorithmic level, the compressive sensing method is succinct and produces reconstruction directly through (19) , while the deconvolution-based beamforming method should be conducted in a post-processing way, working on prior results from the conventional beamforming method. However, the compressive sensing method will produce incorrect reconstruction once fan noise source is not sparse at certain conditions. In contrast, the deconvolution method is more robust with respect to background noise, interference and non-sparse sound sources, but with the price of requiring more sensors. Overall, the concept behind the proposed array testing approach is very different from the conventional beamforming method in terms of the forward model and imaging source planes. This work should be able to extend the current duct acoustic array testing capability and help the design and evaluation of low-noise ducted fan systems.
